We extend the theory of asymmetric information in mispricing models for stocks following geometric Brownian motion to constant relative risk averse investors. Mispricing follows a continuous mean-reverting Ornstein-Uhlenbeck process. Optimal portfolios and maximum expected log-linear utilities from terminal wealth for informed and uninformed investors are derived. We obtain analogous but more general results which nests those of Guasoni (2006) as a special case of the relative risk aversion approaching one.
Introduction
A simple mathematical model of two small investors on a financial market, one of which is better informed than the other has attracted much attention in recent years.
Their information is modelled by two different filtrations-the less informed investor has a sigma-field F 0 , corresponding to the natural evolution of the market, while the better informed investor has the larger filtration F 1 , which contains the information of the uninformed investor. Understanding the link between asset mispricing and asymmetric information is a topic of ongoing interest in the finance literature.
Mispricing models for stocks under asymmetric information were first studied in Shiller (1981) and Summers (1986) in a purely deterministic setting. This was extended by Guasoni (2006) to the purely continuous random environment, where stock prices follow geometric Brownian motion (GBM) and utility is logarithmic.
Fads/mispricing follow a continuous mean-reverting Ornstein-Uhlenbeck (O-U) process. There are two investors trading in the market-the uninformed and informed investors. Guasoni (2006) gives optimal portfolios and maximum expected logarithmic utilities, including asymptotic utilities for both uninformed and informed investors.
He also gives the excess asymptotic utility of the informed investor. Buckley (2009) extends this theory to Lévy markets, where stock prices jump.
Utility functions are assumed to be logarithmic. Jumps are modelled by pure jump Lévy processes, while the mispricing is represented by a purely continuous meanreverting O-U process driven by a standard Brownian motion, as in Guasoni (2006) .
The author obtains optimal portfolios and maximum expected logarithmic utilities for both the informed and uninformed investors, including asymptotic excess utility which is analogous to the result obtained in Guasoni (2006) in the purely continuous case. The random portfolios of the investors are linked to the symmetric, purely deterministic optimal portfolios of Lévy diffusion markets having deterministic market coefficients.
In this paper, we generalize the theory of mispricing models of stocks under asymmetric information, where investors preference are from the power utility family.
We allow the stock price dynamic to move continuously as geometric Brownian motion, while the mispricing process remains as a continuous mean-reverting OrnsteinUhlenbeck process. We obtain analogous but more general results which includes those of Guasoni (2006) as a special case of the risk aversion approaching one.
The rest of the paper is organized as follows: Section 2 gives a brief literature review and the model is introduced in Section 3. Filtrations are defined in Section 4, while price dynamics for both informed and uninformed investors are introduced in Section 5. Section 6 introduces CRRA (Constant Relative Risk Aversion) utility functions of the power class, while Section 7 presents portfolio and wealth processes.
The main result is presented in Sections 8. We obtain optimal portfolios and loglinear maximum expected utilities for both the informed and uninformed investors, including asymptotic excess utility for the informed investor. Section 9 concludes.
Literature review

Continuous-Time Mispricing Models
In this section, we give a brief literature review of asymmetric information in mispricing models in a purely continuous random market-that is, in a market where stock prices and mispricing move continuously, without jumping. Discretetime fads/mispricing models were first introduced in Shiller (1981) and Leroy and Porter (1981) as plausible alternatives to the efficient market/constant expected returns/discount rate assumption (cf Fama (1970) ).
Studies by Flavin (1983) , Kleidon (1986) , and March and Merton (1986) , criticize these findings based on the statistical validity of these volatility tests. However, other studies confirm the earlier findings of the variance bounds tests of Shiller (1981) , and Leroy and Porter (1981) . For example, West (1988) develops a stock market volatility test that overcame these criticisms. West's inequality test prove that, if discount rates are constant, the variance of the change in the expected present discounted value of future dividends is larger when less information is used. He also finds that stock prices are too volatile to be the expected present discounted value of dividends when the discount rate is constant. Campbell and Shiller (1987) find that when dividends and prices are non-stationary, they are co-integrated under the dividend discounted model, that is, there is a linear combination of the two that is stationary. Using cointegration and the VAR (vector autoregressive) framework, they also confirm the findings of Shiller (1981) .
Given the failure of the discounted dividend model to explain stock price variations, some researchers introduced behavioural finance models as possible alternatives. Summers (1986), and Cutler et al.(1990) introduce irrational/noise traders, and the slow response to changes in fundamentals. DeLong et al. (1990) , suggest that noise trading in the market can increase price volatility, which impacts the risk of investing in the stock market and the risk premium. Campbell and Kyle (1993) also suggest that the existence of noise trading in the market can help explain the high volatility of stock prices. Daniel et al. (1998) develop a theory of mispricing based on investor overconfidence resulting from biased self-attribution of investment outcomes. Barberis et al. (1998) provide an explanation for over and under-reactions based on a learning model in which actual earnings follow a random walk but individuals believe that earnings follow a steady growth trend, or are mean reverting. Odean (1998) provides a model where overconfident traders can cause markets to under-react to the information of rational traders,leading to positive serially correlated returns. Wang (1993) gives a model of intertemporal/continuous-time asset pricing under asymmetric information. In his paper, investors have different information concerning the future growth rate of dividends, which satisfies a mean-reverting Ornstein-Uhlenbeck process. Informed investors know the future dividend growth rate, while uninformed investors do not. All investors observe current dividend payments and stock prices. The growth rate of dividends determines the rate of appreciation of stock prices, and stock price changes provide signals about the future growth of dividends. Uninformed investors rationally extract information about the economy from prices, as well as dividends. Wang (1993) shows that asymmetry among investors can increase price volatility and negative autocorrelation in returns; that is, there is mean-reverting behaviour of stock prices. Thus, imperfect information of some investors can cause stock prices to be more volatile than in the symmetric case, when all investors are perfectly informed.
Brunnermeier (2001) presents an extensive review of asset pricing models under asymmetric information mainly in the discrete setting. He shows how information affects trading activity, and that expected returns depend on the information set or filtration of the investor. These models show that past prices still carry valuable information, which can be exploited using technical/chart analysis, which uses part or all of past prices to predict future prices. Guasoni (2006) extends the model of Summers (1986) 
F is a fixed sigma-algebra. The problem of the maximization of expected logarithmic utility from terminal wealth is solved for each investor, and an explicit formula for the asymptotic excess utility of the informed investor takes the form
T is the long run investment horizon, λ is the reversion speed, and q 2 = 1 − p 2 is the proportion of mispricing in the market. Buckley (2009) 
which is analogous to the result obtained by Guasoni (2006) in the purely continuous case. The random portfolios of the investors are linked to the symmetric, purely deterministic optimal portfolios of Lévy diffusion markets having deterministic market coefficients.
The Model
The model consists of two assets; a riskless asset B called bond, bank account or money market, and a risky asset S called stock. The bond earns a continuously compounded risk-free interest rate r t , while the stock has total percentage appreciation rate or expected returns µ t , at time t ∈ [0, T ]. The stock is subject to volatility σ t > 0. The market parameters are µ t , r t , σ t , , and are deterministic functions.
Standing Assumptions :
(1) T > 0, is the investment horizon; all transactions take place in [0, T ].
(2) The market parameters r, µ, σ 2 are Lebesgue integrable deterministic functions.
(3) The stock's Sharpe ratio or market price of risk θ, is square integrable.
(4) The risky asset S lives on a probability space (Ω, F , P) on which is defined two independent standard Brownian motions W = (W t ) t≥0 and B = (B t ) t≥0 . F is an sigma-algebra of subsets of Ω, and P is the "real-world" probability measure on F .
(5) Fads or mispricing are modelled by the a mean-reverting Ornstein-Uhlenbeck (O-U) process U = (U t ) t≥0 with mean-reversion rate or speed λ.
(6) Utility are from the power class; i.e., linear functions of U(x) = x γ , where γ < 1.
(7) Informed and uninformed investors are represented by the indices "1", and "0", respectively.
The Price Dynamic
The bond B has price B t = exp t 0 r s ds , while the stock has log return dynamic
Applying Itô's transformation formula to (3.1) gives percentage return for the stock:
Observe that µ t is the expected percentage return on the stock, while σ t dY t is the excess percentage returns. The fads or mispricing process U is a mean-reverting
Ornstein-Uhlenbeck process with speed λ, which is the unique solution of the Langevin stochastic differential equation: (3.3) with explicit solution
with mean E[U t ] = 0, and variance Var[
.
If the speed λ is close to zero, mean reversion is slow and there is a high likelihood of mispricing, while if λ >> 0, the mispricing reverts rapidly, thereby reducing any advantages of mispricing. 100q 2 % is the percentage of mispricing in the market. Equation (3.1) or equivalently, (3.4), has unique solution
By imposing (3.3) on (3.2), we see that Y is a combination of a martingale W , which represents permanent price shocks, and U the mean-reverting O-U process, which represents temporary shocks. If λ = 0 or q = 0, (and µ t and σ t are constants) we revert to the usual geometric Brownian motion (GBM) of Merton (1971) .
Filtrations or Information Flows of Investors
Definition 1. Let X = (X t ) t≥0 be a process defined on (Ω, F , P). Its natural filtra-
is the sub-σ algebra of F generated by X, and is given by
F X t is the information generated by X up to time t.
Augmentation
We can make F X t right-continuous and complete by augmenting it with N , the Pnull sets of F , given by N = {A ⊂ Ω : ∃ B ∈ F , A ⊂ B, P(B) = 0}. The augmented filtration of X is σ (F X ∨N ). F X is complete if it contains the P-null sets of F , e.g.,
In the sequel, we assume that all filtrations (F t ) are right-continuous and complete.
In this case, we say the filtration satisfies the usual hypothesis (Applebaum, 2004) .
will denote the complete right-continuous filtration generated by X on (Ω, F , P). The informed investor observes the pair (S, U), while the uninformed investor observes only the stock price S.
Definition 2 (Filtrations of Investors
be the filtrations generated by (S, U) and S, respectively. That is, for each t ∈ [0, T ]
F 1 and F 0 are the respective information flows of the informed and uninformed investors. Equivalently, since W and B generate S and U for the informed investor, while Y generates S for the uninformed investor, then
The market participants can be classified in accordance to their respective information flows. Those with access to F 1 , are called informed investors-they observed both the fundamental and market prices of the risky asset. Those with access to F 0 only, are called uninformed investors-they observe market prices only. These uninformed investors know that there is mispricing in the market but cannot observe them directly.
The Stock Price Dynamic for the Investors
It follows from (3.4), that for both investors the general percentage return for the stock has dynamic dSt St = µ t dt + σ t dY t . We rewrite this dynamic for each investor.
Price Dynamic for the Uninformed Investor
Using the Hitsuda (1968) representation of Gaussian processes (see Cheridito,2003) , Guasoni (2006) gives an F 0 -Brownian motion B 0 and a random process υ 0 , such that
We now invoke a useful part of Theorem 2.1, Guasoni (2006) . Let (Ω, F , P) be a probability space on which independent Brownian motions W and B are defined. Let
be the filtration generated by Y satisfying the usual hypothesis. Let
where υ 0 t is given by
Price Dynamic for the Investors
The stock price dynamic of each investor, relative to his or her filtration, now follows.
Proposition 1. Let i ∈ {0, 1}. Under F i , the price dynamic of the i-th investor is
with price
where the stock has random drift Proof. See Appendix A for proof.
Remark 2. Observe from (5.4) that for the i-th investor, that is, relative to the filtration F i , the drift of the stock price is µ i t , is random, while they both share a common deterministic volatility σ t , which is the volatility of the original driving process given by (3.4), which has a deterministic drift µ t . Moreover, Eµ
We state without proof, a useful result for υ i t that will be required in the sequel.
T 0
(5) As T −→ ∞, the asymptotic excess cumulative variance of the v i s is
Remark 3. (0) Observe that for the i-th investor, the random process υ i t has a mean of 0, and is simply the number of standard deviations (volatility units) of its random drift (µ i t ) given in its price dynamic from its deterministic mean (µ t ). That is, Eµ i t = µ t (1) Moreover, υ i t is an integrated Brownian motion, explicitly given by
(2) The variance of the process υ
2 , a monotonically increasing function of t, the mean-reversion speed λ, and the mispricing level q 2 . The variance is bounded by half of the reversion speed and goes to zero if any of these quantities approach zero.
(3) The cumulative variances are also bounded above by the mean-reversion speed, the mispricing level q 2 , and the investment horizon T .
Power Utility Functions
We assume that each investor has a utility function U : (0, ∞) → R for wealth that satisfies the Inada condition, i.e., it is strictly increasing, strictly concave, continuously differentiable, with
U 0 (w) = log w, the logarithmic utility and U γ (w) = w γ γ , γ < 1, the power utility, satisfy this condition. In the sequel, all utility functions are assumed to be power, with constant relative risk aversion (RRA), 1 − γ. In particular, it is easy to show that U γ (w) = w γ −1 γ −→ U 0 (w) = log w, when γ −→ 0.
Portfolio and Wealth Processes of Investors
Definition 3 (Portfolio Process). A portfolio process π :
Although π is a function of (t, ω), in the sequel we keep Ω in the background, and assume that π is primarily a function of time t, where π t is the proportion of an investor's wealth invested in the stock at time t. The remainder 1 − π t , is invested in the bond or money market. π is not restricted to [0, 1] for the purely continuous model-we allow short-selling (π < 0) and borrowing (π > 1) at the risk-free rate.
Definition 4 (Self-financing). A portfolio process π is called self-financing if
1)
where V t is the wealth or value of the holding of stock and bond at time t ∈ [0, T ].
Thus, for self-financing portfolios, the change in the wealth is due only to the change in prices, provided that no money is brought in or taken out by the investor.
The Wealth Process: For a given non-random initial wealth x > 0, let V x, π ≡ V π ≡ V = (V t ) t≥0 denote the wealth process corresponding to a self-financing portfolio π with V 0 = x, and satisfying the stochastic differential equation (7.1).
We now present wealth dynamics for each investor.
Theorem 1. Let i ∈ {0, 1} and let r t be the risk-free interest rate. Let π i and V i be the respective portfolio and wealth processes for the i-th investor as a result of investing in the stock, with Sharpe ratio
2)
and percentage return dynamic driven by an F i -adapted Brownian motion B i , given by (5.4). Then the wealth process V i = V i, π corresponding to π, and initial wealth x > 0, has percentage return dynamic
3) with unique discounted wealth process
and under power utility U(w) = w γ = e γ log w , w > 0, γ < 1,
where
Proof. See appendix A for proof.
Utility Maximization from Terminal Wealth
Each investor is assumed to be rational; that is, the investor is a utility maximizer.
Thus, both informed and uninformed investors maximize their respective expected utility from terminal wealth V T , where T is the investment horizon. The terminal wealth V T is represented by its discounted value V T . We then maximize
where π is selected from an admissible set A(x).
Definition 5 (Admissible Portfolio). A self-financing portfolio π is admissible if Karatzas and Shreve (1991) , define an admissible portfolio in terms of the utility function U(x) by the prescription:
− < ∞, where a − = max{0, −a}. Either definition will suffice! Definition 6 ( Admissible set). Let x > 0 be the initial wealth of the investor. The admissible set A(x) of this investor is defined by
π is F -predictable if it is measurable relative to the predictable sigma-algebra on Protter(2004) for details).
Utility Maximization Problem and Optimal Portfolios
For a given utility function U(·) and initial wealth x > 0, we maximize the expected utility from (discounted) terminal wealth E[U( V π t )], over the investors admissible set A(x). The value function for this problem is u(x)
where it is assumed that u(x) < ∞ for all x > 0. That is, there is an optimal portfolio 
The logarithmic utility function is used by Guasoni (2006) so that an explicit solution of (8.1) is obtained (cf Amendinger et al.(1998) , Imkeller and Ankirchner (2006) , Karatzas and Pikovsky (1996) ). We now give a slightly modified version of Guasoni's solution to (8.1) using the notation developed in preceding sections.
Theorem 2 ( Guasoni (2006), Theorem 3.1). Let i ∈ {0, 1}, u i (x) be the value function, and π * , i the optimal portfolio for the i-th investor that solves (8.1), where utility is assumed to be logarithmic and the risk-free interest rate is r = 0.
(1) The optimal portfolio for the i-th investor is:
where θ i is the Sharpe ratio of the stock for the i-th investor.
(2) The maximum expected utility from terminal wealth for the i-th investor is
(3) As T −→ ∞, the asymptotic maximum expected utility is
The excess asymptotic maximum expected utility of the informed investor is
Remark 4. The optimal portfolio for each investor, relative to its filtration, is its Sharpe ratio divided by the common volatility of the driving Brownian motion. It is random, being depended on the random processes υ i t . The expected optimal portfolio is the deterministic ratio of the mean return ( µ t ) and the variance (σ 2 t ) of the stock. From (2), we observed that optimal utility is directly related to the natural logarithm of the initial investment x. In (3), the asymptotic expected utility for each investor depends on p = (1 − q 2 ) and hence on q 2 , the proportion of mispricing in the stock price. It therefore follows in (4), that the excess asymptotic utility which is a function of p, also depends on q 2 , the proportion of mispricing in the stock price.
We now give an analogous result to Guasoni (2006) , starting with the optimal portfolio.
Proposition 3. Let i ∈ {0, 1}, and π * , i the optimal portfolio for the i-th investor that solves (8.1), where utility is the basis power function w γ with RRA 1 − γ, and the risk-free interest rate is r = 0.
is the risk-adjusted Sharpe ratio of the stock owned by the i-th investor.
Proof. {Proof of Proposition 3}
2 )ds, and by Ito's isometry, its variance is Var(
(2
Thus optimal is achieved iff
is the risk-adjusted Sharpe ratio of the stock for the i-th investor. It also follows that the value function for the i-th investor is
Remark 5.
(1) Under power utility the optimal portfolio for each investor, relative to is filtration, is its risk-adjusted Sharpe ratio divided by the common volatility of the driving Brownian motion. It is random, being depended on the random processes υ i t . Optimal portfolios are inversely proportional to the coefficient of RRA, 1 − γ . When the RRA approaches 1, that is as γ → 0, we recover the optimal portfolio of the logarithmic utility, as seen in Guasoni's Theorem 3.1 above. However, as the RRA approach 0, the portfolios explode, while as the RRA becomes infinite, the portfolios become zero and all funds are invested in the risk-free asset.
(2) For both investors, the expected optimal portfolio is deterministic and inversely proportional to the RRA, and is independent of the mean-reversion speed and the mispricing level q 2 . It explodes as the RRA approaches 0, that is, when γ → 0, and becomes essentially zero when either the RRA or stock price volatility becomes very large or infinite. be the risk-adjusted Sharpe ratio of the stock for the i-th investor , and risk-free rate r = 0.
(1) The maximum expected power utility of terminal wealth for the i-th investor is
(8.7)
(2) As T −→ ∞, the asymptotic maximum expected power utility is (8.8) and the (wealth) relative asymptotic maximum expected basis power utility is
Proof. {Proof of Proposition 4}
(1) From Proposition 3, the optimal portfolio is π * , i t
Thus for the i-th investor, the value function or maximum expected power utility is u i (x) = e γ log x+
. Imposing Part (3) of Proposition 2 and simplifying the the quotient of the value function of the informed and the uninformed investors yield the desired result.
Remark 6.
(1) The maximum expected power utility from terminal wealth grows exponentially with the natural logarithm initial wealth x adjusted by one minus the RRA.
(2) Observe that the wealth relative asymptotic power utility is an exponential function of the risk-adjusted excess asymptotic utility under logarithmic utility, which is independent of the initial wealth of the investors. This is an important unexpected result!
We now present our main result for the general power utility function, which is analogous to the previous theorem.
Theorem 3 (Main). Let i ∈ {0, 1}, u i (x) be the value function, and π * , i the optimal portfolio for the i-th investor that solves (8.1), where utility is assumed to be general power utility function U γ (w) = w γ −1 γ , γ < 1 and the risk-free interest rate is r = 0.
Define the log-linear value function ψ i (x) = log(1 + γ u i (x)), where x is the initial wealth and 1 − γ is the relative risk aversion. Let θ
be the risk-adjusted Sharpe ratio of the stock for the i-th investor , and risk-free rate r = 0.
(1) The optimal portfolios are given by Proposition 3.
(2) The log-linear maximum expected utility of terminal wealth is
(8.10) (3) As T −→ ∞, the asymptotic log-linear maximum expected power utility is
(4) The excess asymptotic log-linear maximum expected utility is (8.12) which vanishes as the RRA tends to 1.
(5) Moreover, the excess asymptotic maximum expected utility is
Proof. {Proof of Main Theorem }
(1) Since the utility function is a linear transformation of that the utility function used in the proof of Proposition 3, the optimal portfolio is identical for each respective investor, and the proof is the same.
(2) From Proposition 3, the value function for the general power utility function is
Rearranging, the log-linear value function for each investor is ψ i (x) = log(1+γ u i (x)) = γ log x+ (1 − p)(1 + (−1) i+1 p) T .
(4) The excess asymptotic log-linear maximum expected power utility follows from(3). (1 − p)(1 + (−1) i+1 p) T . But we also have lim γ→0
log(1+γ u i (x)) γ = u i (x), which yields the required result by differencing.
Conclusion
We extend the theory of asymmetric information in mispricing models of stocks with prices that follow geometric Brownian motion to investors having CRRA preferences. We obtain optimal portfolios and utilities, including asymptotic utilities for informed and uninformed investors under the general power log-linear power utility. Our results contain those of Guasoni (2006) as a special case of the relative risk aversion approaching one. . Imposing the stock price dynamic (3.4) on the last equation, yields dVt Vt = (1 − π t )r t dt + π t (µ t dt + σ t dY t ) = (r t + π t (µ t − r t )) dt + π t σ t dY t . Thus, we get the percentage returns dynamic of the wealth process dV t V t = (r t + π t σ t θ t ) dt + π t σ t dY t , The power utility of discounted wealth is U( V t ) = e γ log Vt == e γ log x+γ H(t) , where log V t = log x + 
